The universal bimodal distribution of transmission eigenvalues in lossless diffusive systems underpins such celebrated phenomena as universal conductance fluctuations, quantum shot noise in condensed matter physics and enhanced transmission in optics and acoustics. Here, we show that in the presence of absorption, density of the transmission eigenvalues depends on the confinement geometry of scattering media. Furthermore, in an asymmetric waveguide, densities of the reflection and absorption eigenvalues also depend of the side from which the waves are incident. With increasing absorpotion, the density of absorption eigenvalues transforms from single-peak to double-peak function. Our findings open a new avenue for coherent control of wave transmission, reflection and absorption in random media.
The universal bimodal distribution of transmission eigenvalues in lossless diffusive systems underpins such celebrated phenomena as universal conductance fluctuations, quantum shot noise in condensed matter physics and enhanced transmission in optics and acoustics. Here, we show that in the presence of absorption, density of the transmission eigenvalues depends on the confinement geometry of scattering media. Furthermore, in an asymmetric waveguide, densities of the reflection and absorption eigenvalues also depend of the side from which the waves are incident. With increasing absorpotion, the density of absorption eigenvalues transforms from single-peak to double-peak function. Our findings open a new avenue for coherent control of wave transmission, reflection and absorption in random media. Mesoscopic electronic transport through a disordered conductor can be described by a N × N transmission matrixt which relates the amplitudes of N incoming and outgoing transverse modes [1] . Dimensionless conductance is g = Tr t †t = n τ n , where τ n are the eigenvalues of the matrixt †t [2] and ... denotes ensemble average. Therefore, electron transport in a metallic wire can be viewed as parallel transmission over N orthogonal eigenchannels with individual transmissions of τ n . Due to the mesoscopic correlations [3, 4] , density of the transmission eigenvalues D(τ ) has a bimodal functional form [5] [6] [7] [8] [9] [10] [11] with peaks at τ → 0 and τ → 1. The latter implies the existence of nearly perfect transmission eigenchannels [5, 12, 13 ] that lead to e.g. universal conductance fluctuations [14, 15] and quantum shot noise [16, 17] . In Ref. [18] , bimodal distribution was proven to be applicable to an arbitrary geometry of the conductor as long as the transport remains diffusive and free of dissipation.
The bimodal distribution obtained in the context of mesoscopic physics is also applicable to transport of classical waves in scattering media [19] . In optics, rapid development of spatial light modulators has enabled an experimental access to the transmission eigenchannels [20] that led to experimental demonstration of enhanced transmission [21, 22] with applications in focusing and imaging through turbid media [21, [23] [24] [25] [26] [27] [28] [29] [30] . Absorption, common in optics, breaks energy conservation and makes the density of transmission eigenvalues [31] as well as reflection [32] [33] [34] eigenvalues to depend on its strength. However, the questions of whether the geometry of the system could affect the eigenvalue density in dissipative systems and if so, how it would affect it, have not been addressed.
In this work we demonstrate that, unlike passive systems, the density of the transmission eigenvalues in absorbing disordered waveguides is geometry dependent, that is beyond predictions of the existing theory [31] . This opens possibility of tuning the functional form of the eigenvalue density by choosing the shape of the boundary. Furthermore, we show that dissipation makes a profound impact on the densities of reflection eigenvalues ρ and absorption eigenavlues α, that can even depend on which side of the waveguide is being illuminated in the case of asymmetric waveguide shape. This is attributed to the fact that reflection matrices for illumination from different sides are no longer related in the presence of dissipation. Above a certain absorption threshold, the density of absorption eigenvalues exhibits a qualitative transformation from a single-peak to a double-peak function. The additional peak at α ≃ 1 enables a nearly complete absorption at any frequency with an appropriate input wavefront.
Transmission eigenvalues. We consider a variable width waveguide, schematically depicted in the inset of Fig. 1a , formed by reflecting boundaries at y(z) = ±W (z)/2, where W (z) is a smooth function of z. The leads on the left/right support N L /N R propagating modes. The transport through the disordered region 0 ≤ z ≤ L is described by a complex N R × N L matrix t. For passive random media, density of the eigenvalues of matrixt
, we reproduce this result using the circuit theory of Ref. [18] with the dimensionless conductance given by g
, where k = 2π/λ is the wavenumber, ℓ is the transport mean free path, and subscript p stands for "passive". For a waveguide with constant W = N (λ/2) width we recover the well-known expression g p = (π/2)N ℓ/L [36] . Figure 1a schematically depicts D(τ ) with three contributions from open, closed and evanescent eigenchannels. Open (τ O < τ < 1) and closed (τ C < τ < τ O ) channels lead to the bimodal distribution. [12, 13] . The cutoff τ C at the level of ballistic transmission [5, 36] is obtained by normaliz-ing 1 τC D(τ )dτ to the number of propagating channels N min = W min /(λ/2), see Fig. 1a . In a waveguide with a constriction, there are min(N L , N R ) transmission eigenchannels, among which N E = min(N L , N R ) − N min are evanescent channels with intensity decaying on the scale of the wavelength inside the narrow portion of the waveguide and, therefore, τ ≪ τ C for these channels [35] . This boundary separating evanescent and closed channels is exaggerated for illustration in Fig. 1a , as in practice τ C ≃ 0. 
Ope n channe ls Clos e d channe ls
Hor n Lant e r n Bowt ie Applicability of the bimodal distribution for open and closed channels is confirmed in Fig. 1b . It shows D(τ )/g p computed numerically using Kwant simulation package [37] (see [35] for details) for four waveguides of different shape (drawn in the inset): constant width waveguide of width W = 273 × (λ/2); horn waveguide of width linearly decreasing from W L = 400 × (λ/2) to W R = 200 × (λ/2); lantern waveguide of width linearly tapered from W M = 400 × (λ/2) in the middle to W L = W R = 200 × (λ/2) at the two ends; and bowtie of width tapered from W L = W R = 400 × (λ/2) at the ends to W M = 200 × (λ/2) in the middle. The conductance in the four systems is g p = 13.9, 14.2, 13.5 and 13.9 respectively. The other system parameters are L/ℓ ≃ 31, kℓ ≃ 60. Fig. 1b clearly shows that the bimodal distribution, including the asymptotes for τ → 0, 1 in insets of Fig. 2 , describes open and closed eigenchannels in waveguides of different shapes without any fitting parameters. The nonuniversal contribution of evanescent channels to D(τ ≃ 0) cannot be clearly distinguished from the peak of closed channels in the numerical data. Nevertheless, the evanescent channels can make up a substantial fraction of the total channels, e.g., in the bowtie waveguide, one half of the transmission eigenchannels are evanescent and have the vanishingly small values of τ . 
Quas i-ope n channe ls
Enhanc e me nt ove r bi-modal dis t r ibut ion Absorption breaks flux conservation and time-reversal symmetry, leaving optical reciprocity the only constraint on the scattering matrixŜ of the system [38] . In [35] we show that it relates (in each realization of disorder) the transmission matrices for waves incident from the left and right ast T =t ′ , where superscript T denotes matrix transpose. This relationship signifies that even in the presence of absorption,t †t andt ′ †t′ have the same set of non-zero eigenvalues. In waveguides of constant width, density of the transmission eigenvalues has been predicted to depend on the strength of absorption and an analytical expression for D(τ ) has been derived in the limit of strong absorption L/ξ a ≫ 1 [31] . However, the possibility that D(τ ) can depend on the waveguide shape has not been explored.
Figures 2a-c show density of the transmission eigenvalues for waveguides of different shape with three values of absorption: L/ξ a = 0.9, 1.8, and 3.6.
is the diffusive absorption length and ℓ a is the ballistic absorption length. Common to all geometries, τ ≃ 1 eigenvalues are attenuated so that the density no longer reaches unity. Instead, the maximum eigenvalue τ 1 < 1. Open channels are redistributed throughout τ C < τ < max(τ 1 ) interval so that the eigenvalue density is consistently higher than that in passive systems. However, unlike the bimodal distribution for the passive systems, see Fig. 1b , D(τ ) is no longer universal and exhibits a clear shape dependence. The maximum transmission eigenvalue is lowest for the lantern geometry. Such behavior can be understood as the narrower openings and slanted walls of the lantern waveguide reduce the escape probability and increase the effective absorption, leading to smaller τ 1 . In contrast, the situation is reversed in the bowtie waveguide, see Fig. 2 . This structure has wider openings and, therefore, waves are more likely to escape without being strongly attenuated. The normalized deviation of the largest eigenvalue τ 1 in waveguides of different shapes from that in the constant width waveguide, τ
, is plotted in the inset of Fig. 2c . The deviation increases with absorption strength and can be either negative (horn, lantern) or positive (bowtie). However, at the largest value of absorption of L/ξ a ≃ 7.3, the deviation is reduced in the bowtie waveguide, which can be understood as follows. For strong absorption L ≫ ξ a , short propagation paths dominate transport [27] , so we expect the deviation to decrease in this limit because all geometries have the same length L. Such ballistic-like propagation is more favored due to the constriction in the bowtie waveguide, where this transition occurs first.
Reflection eigenvalues. In a passive system, the energy conservation and symmetry requirements make all non-zero eigenvalues oft †t ,Î −r †r ,t ′ †t′ ,Î −r ′ †r′ identical, wherer (r ′ ) represents the reflection matrix for waves incident from left (right) end of the waveguide [35] . This leads to the bimodal distribution of the density of 1 − ρ for both left and right reflection eigenvalues ρ and regardless of the shape of the waveguide. In an asymmetric waveguide with
†r also has N L − N R eigenvalues with ρ = 1, giving the perfectly reflecting eigenchannels for light incident from the left (wider opening). Meanwhile, for waves incident from the right (narrower opening), there are no perfectly reflecting eigenchannels because N R ×N R matrixr ′ †r′ has only N R eigenvalues, all of which have corresponding transmission eigenvalues that are non-zero. The results of the numerical simulations in passive waveguides of different shape, c.f. Fig. 3 , confirm that the density of both left/right reflection eigenvalues D(1−ρ) follows the universal bimodal distribution, which still holds in asymmetric waveguides as the perfectly reflecting eigenchannels only have a singular contribution at ρ = 1.
Due to absence of flux conservation in systems with ab- sorption, the links between reflection and transmission matrices and between left/right reflection matrices are severed [35] . Consequently, in each disorder realization, the eigenvalues ofr †r andr ′ †r′ are not necessarily identical and they are no longer related to the transmission eigenvalues. Our numerical simulations confirm that the perfect reflecting channels are removed by absorption as all reflection eigenvalues become less than unity. Furthermore, in asymmetric waveguides (N L = N R ), the densities of reflection eigenvalues differ for waves incident from left/right side of the waveguide, as shown in Figs. 3a,b for the horn geometry. Even for symmetric waveguides (N L = N R ), D(ρ) is still clearly shape-dependent, as seen in Figs. 3a,b for the constant width, lantern and bow-tie geometries: D(1−ρ) are distinctly different in (1−ρ) → 0 limit while in the limit (1−ρ) → 1 the difference is greatly reduced.
Figs. 3b shows that power exponent in D(1 − ρ) ∝ ρ −1 for (1 − ρ) → 1 is independent of the waveguide shape/input direction and it is the same as in a passive system. For (1 − ρ) → (1 − ρ max ), we find that the power exponent in
35 has a weak shape dependence. The value 1.35 is smaller than 3/2 found in Refs. [32, 33] for a = N ℓ/ℓ a ≫ 1 in constant width waveguides. We attribute the discrepancy to insufficiently large value of a = 1.9 for the case shown in Fig. 3a . Finally, we note that although the effect of the absorption on the density of reflection eigenvalues is known for the constant width waveguides [32, 33] , the existing theory cannot explain shape/input direction dependence of D(ρ). This calls for further theoretical investigations. Fig. 3 . In all cases the normalized density of absorption eigenvalues exhibits strong dependence on the shape of the waveguide, and for asymmetric (horn) waveguide also on the input direction. The inset in panel (b) plots the ensemble-averaged maximum absorption eigenvalue α1 vs. the absorption strength L/ξa. For comparison, the maximum absorption eigenvalue αS,1 for two-sided illumination are also shown.
Absorption eigenvalues. In a dissipative system, the non-unitary part of the scattering matrixÎ −Ŝ †Ŝ ≡Â S accounts for absorption [39] and its largest eigenvalue α S,1 tells the maximum absorption that can be achieved by shaping the input wavefront [28] . This requires controlling all modes incident onto both sides of the waveguide. However, more common in experiments is only one side of the system illuminated. In such case the matrix A =Î −r †r −t †t describes the absorption of input light.
Its largest eigenvalue α 1 determines the maximum absorption in a given system when only one side is accessible. Similar to density of the reflection eigenvalues, D(α) depends on the shape of the waveguide and the input direction, c.f. Fig. 4a ,b. Common to all geometries, the functional form of D(α) undergoes a qualitative change with an increase of absorption strength. At weak absorption, the eigenvalue density monotonously decreases toward zero with an increase of α, c.f. Fig. 4a . At the increased absorption, the density develops the second maximum at α ≃ 1. Even in this regime, there exists an upper bound, which approaches unity exponentially, c.f. inset of 4b. A coherent perfect absorber proposed in Ref. [40] achieves 100% absorption but requires full control of incident wavefront and a specific amount of absorption. In contrast, we show that at any frequency and with any absorption (above a certain threshold) the maximum achievable absorption with one-sided excitation α 1 can be close to unity. Moreover, with the left end of the waveguide being illuminated, for example, we can achieve nearly perfect absorption by controlling a fraction N L /(N L + N R ) of all input channels, that can be small in e.g. a horn waveguide with N L < N R . We note that absorption dependence of the maximum eigenvalue α 1 for one-sided illumination is qualitatively different from α S,1 for two-sided illumination, c.f. inset in Fig. 4b . The former approaches unity exponen-
In contrast, excitation from both sides results in a sharp transition at L/ξ a ∼ 3, above which strong enhancement of absorption [28] with α S,1 ≃ 1 becomes possible. The critical value of absorption can be estimated by comparing the diffusion time without absorption L 2 /Dπ 2 to the absorption time t a = ξ 2 a /D, where D is the diffusion coefficient. Equating these two characteristic time scales results in L/ξ a = π which agrees with Fig. 4b . This offers an absorption analogy with diffusive random laser [41] [42] [43] where exactly the same amount of gain corresponds to the lasing threshold, giving output to all sides.
Conclusions. We present a numerical study on the densities of the transmission, reflection and absorption eigenvalues in diffusive absorbing waveguides of various shapes. Without absorption, the density of transmission eigenvalues is given by the universal bimodal distribution, independent of both microscopic and macroscopic details of the system. We show that in the presence of absorption the densities of transmission as well as reflection and absorption eigenvalues depend on the confinement geometry of random media. In addition, absence of flux conservation in lossy media breaks the relationship between reflection (and absorption) matrices with incident waves from the opposite sides. As a consequence, we demonstrate that the density of reflection and absorption eigenvalues can depend on the incident direction. Therefore, the geometry of the system represents an additional degree of freedom in coherent control of wave transmission, reflection and absorption in turbid media. This offers design opportunities not available in passive random media. The existing theoretical description of the eigenchannels in dissipative random media cannot account for the effects from the geometry of the system. We believe that this work will stimulate a new body of research, with profound implications for waves of different nature where dissipation is common, e.g., the microwave, acoustic wave, etc.
Acknowledgments We consider a two-dimensional (2D) waveguide formed by reflecting boundaries at y(z) = ±W (z)/2. The width of the waveguide W (z) is a smooth function of z -the axial coordinate, see Fig. 1 . The waveguide is coupled to two leads (empty waveguides) at z = 0 and z = L. The leads have constant width, W L = W (0) and
guided modes respectively. The transport through the disordered region 0 ≤ z ≤ L is assumed to be diffusive, i.e., ℓ ≪ L ≪ ξ, where ℓ and ξ are transport mean free path and the localization length respectively, and the dimensionless conduction g p ≫ 1, where subscript p stands for "passive". In this section, we derive the bimodal distribution for the density of transmission eigenvalues in passive disordered waveguides of an arbitrary shape. Circuit theory was developed in Ref. [1] in context of mesoscopic transport of electrons in disordered conductors and tunneling junctions. However, the methodology is general and applicable to any system that exhibits phase coherent wave transport. Below we will apply it to light transport in a disordered waveguide to derive the density of transmission eigenvalues. The first step is to represent a complex system as a network of basic elements, in our case, diffusive conductors (resistors) and tunneling junctions, as follows.
As depicted in Fig. 1, a In fact, the evanescent modes [2] are not usually considered in theoretical models [3] because their contributions to the overall transport are negligible [4, 5] . Lastly we note that the diffusive conductor and tunneling junction are connected in parallel for each segment whereas the successive segments are connected in series.
Next we introduce the "phase" and the "matrix current" in such a network. The matrix current I is analogous to the current, and the phase φ to the electric potential in an electronic circuit, thus the phase drop across a circuit element determines the matrix current through it. Current-phase relationships are given by I
for the diffusive conductor and tunneling junction respectively [6] . I obeys Kirchhoff's rules which for our system in Fig. 1 gives I 
represents matrix current through i'th diffusive conductor and tunneling junction respectively, and θ i is the phase at node i. Applying these rules we find
where M is the number of segments, and the diffusive conductance of the i-th segment g
i . The density of transmission eigenvalues follows from the relationship between I(φ) and φ drop across the entire system [6] :
(3) Substituting Eqs. (1,2) into Eq. (3) we obtain the bimodal distribution with dimensionless conductance g p given by Eq. (2). In the continuous limit, the summation over the segments in Eq. (2) is replaced with an integral as
Scattering matrix of dissipative waveguides with varying cross-section
Scattering matrixŜ contains full information about the transport properties of a system. It is related to the transmission, reflection matrices for light incident from the leftt,r and rightt ′ ,r ′ as follows: 
In passive systems, due to conservation of flux (Ŝ †Ŝ =Î), timereversal symmetry (Ŝ * Ŝ =Î), and optical reciprocity (Ŝ T =Ŝ), the non-zero eigenvalues are identical fort †t , I −r †r ,t ′ †t′ ,Î −r ′ †r′ matrices, i.e., τ = 1 − ρ = τ ′ = 1−ρ ′ . The number of non-zero eigenvalues in a disordered waveguide is given by min(N L , N R ).
A distinct group of evanescent eigenchannels arises in waveguides with a constriction N L , N R > N min . This can be traced to the fact that the number of waveguide modes with real propagation constants is width dependent: N (z) = W (z)/(λ/2). A constriction reduces the number of propagating modes and causes the rest to become evanescent. Although these modes can still transfer energy via tunneling and scattering in and out of the propagating modes, the inefficient transport [4, 5] results in exponential attenuation of their amplitudes
The consequence of the attenuation can be better understood in terms of transfer matrixM i of each segment of the waveguide, see Fig. 1 . UnlikeŜ matrix, the transfer matrix relates the incoming and outgoing waves on the left to those on the right (compare to Eq. 5)
which makes it multiplicativeM = Π iM M i=1 . It is now easy to see that a set of small eigenvalues in one segment leads to small eigenvalues in the overall matrixM . This observation can be restated mathematically as following: the rank of a product cannot exceed the smallest rank of the multiplier matrices [7] . Because the transfer and transmission matrices are related [3, 8] 
every small eigenvalue ofMM † should have the counterpart oftt † ort ′t′ † . Likewise, 2N min finite eigenvalues ofMM † corresponds to N min finite eigenvalues oftt † and N min oft ′t′ † . Therefore, if certain eigenvalues become small in some ofM i (e.g. in a constriction) they remain small inM and in bothtt † andt ′t′ † . These small eigenvalues correspond to the evanescent eigenchannels. They are distinct from closed eigenchannels
The latter inequality follows from λ ≪ ℓ.
In systems with absorption, in contrast, optical reciprocity is the only constraint left. It leads tot =t ′T , r =r T ,r ′ =r ′T , where superscript T denotes matrix transpose. Despite the fact that non-zero eigenvalues of t †t andt ′ †t′ are still identical, they are no longer related to those of the reflection matrices because input energy can be absorbed instead of being transmitted or reflected.
Numerical simulations
Numerical simulations are based on Kwant software package [9] . It allows one to conveniently computeŜ matrix of disordered waveguide defined as a collection of coupled lattice sites |i in two dimensional grid described by a tight-binding Hamiltonian
where ψ l is the wavefunction (i.e. field) amplitude at site l (a 2D vector), see Fig. 2 . We introduce disorder by adding a random on-site potential δE ii to the diagonal elements H ii = E 0 + δE ii , while keeping the nearest neighbor coupling at constant value of 1. The scattering region 0 ≤ z ≤ L is connected to the leads -infinitely long waveguides with δE ii = 0. The model is well suited to describe continuous wave scattering phenomena as long as kℓ ≫ 1. In our simulation we choose the parameter E 0 and the disorder strength ∆ (−∆ < δE ii < ∆) so that kℓ ≃ 60. Because δE ii = 0, the average value of H ii does not change with the strength of disorder, avoiding any impedance mismatch between the leads and the random waveguide [10] . To eliminate the ballistic component that propagates through the system without scattering, we set L/ℓ ≃ 30 ≫ 1.
The transport mean free path ℓ is obtained from the value of dimensionless conductance g p statistically averaged over an ensemble of disorder realizations. In passive waveguide of constant width g p = (π/2)N ℓ/L uniquely determines ℓ.
To ensure diffusive transport (g p ≫ 1) in the simulated waveguides, we select the number of modes (i.e. the width of the waveguides) to be sufficiently large -on the order of hundreds.
Absorption is introduced to our system by adding a small constant negative imaginary part γ to the onsite potential E 0 → E 0 + iγ. The specific value of γ is selected to obtain the desired value of the diffusive absorption length ξ a . The latter is obtained from g = (πN ℓ/ξ a ) exp[−L/ξ a ] for a constant width waveguide with L/ξ a ≫ 1 [11] .
To obtain the densities of transmission, reflection and absorption eigenvalues in Figs. 1-4 , we perform simulations for 1000 random realizations of δE ij , giving us ∼ 2 ÷ 5 × 10 6 eigenvalues with a sufficiently low noise over six decades of magnitude.
Density of the absorption eigenvalues with two-sided excitation the right lead. In contrast, the eigenvalues α S of the matrixÂ S ≡Î −Ŝ †Ŝ correspond to eigenvectors with waves incident from both leads simultaneously -two-sided excitation, see Eq. (5) . Figure 3 shows evolution of the density of eigenvalues α S , D(α S ), with absorption. While it is qualitatively similar to D(α) in Fig. 4 of the main text, we notice the following differences. First, unlike one-sided excitation case where D(α) can be dependent of the input direction in an asymmetric waveguide (e.g. D L (α) = D R (α) in a horn waveguide), there is only one D(α S ). The number of α S,n in any given sample is N L + N R , greater than that of α n (= N L ) or of α ′ n (= N R ). Secondly, in the regimes of weak and intermediate absorption, the density of D(α S ) exhibits long tails toward α S → 1, c.f. Fig. 3a , whereas D(α) has already developed a second peak, c.f. Fig. 4a of the main text. Third, because of the tail of D(α S ), eigenvalues close to unity (α S ≃ 1) can be found at the amount of absorption smaller than that for D(α), which exhibits a sharp dropoff beyond the second peak. The latter conclusion can be understood intuitively: two-sided excitation allows for a greater degree of input control. In strong absorption regime, our results coincide with the results of Ref. [12] , where the concept of coherent enhancement of absorption was first proposed. In this section we briefly review the previous theoretical model in Ref. [11] , and apply it to describe the density of transmission eigenvalues in constant width waveguides.
We begin by introducing a resolvent
